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Equations for the charac te r i s t i c  dimension and the fo rm factor of a real  body are  derived 
on the basis of an approximate geometr ica l  s imi lar i ty  between it and a re fe rence  model. 

The unified solutions to heat conduction problems [1-3] for bodies of canonical shapes (plate, cyl in-  
der,  and sphere) can be extended to the case where a body is subject to more  than one thermal  effect, and 
can be used for approximately calculating the charac te r i s t i c  tempera ture  pa r ame te r s  ( m e a n - o v e r - t h e - s u r -  
face, mean-over - the -vo lume ,  and center  temperature) .  

The thermal  state of bodies with a three-d imensional  tempera ture  distr ibution was analyzed by a r e -  
petitive use of the one-dimensional  solution [6, 7]. The bodies under considerat ion were classif ied into 
three groups,  their respect ive principal  representa t ives  being an infinitely large plate, an infinitely long 
cylinder,  and a sphere .  A real body was compared to each of these models,  in o rder  to establ ish the con- 
ditions of approximate geometr ica l  s imi lar i ty  (comparison based on surface  a rea  or volume) and physical  
s imi la r i ty  (comparison based on thermal  fluxes or  form factors) .  

An application of these basic principles results  in a small  e r r o r  in tempera ture  calculations only 
when the body is ent i re ly  identical to any one of these three canonical models.  As a rule, exact and ap- 
proximate t empera tures  are compared just for such ~favorable,  cases  with moderate  values of the heat 
t r ans fe r  coefficient.  There  are  many bodies, however, which do not quite fit into these three basic 
c l a s ses .  A typical example is a rec tangular  parallelepiped with the rat io of sides 1:2 : 3. 

We propose here  a new procedure  for establishing the approximate geometr ica l  s imilar i ty ,  which 
will extend the applicability of one-dimensional  solutions to the equation of heat conduction. 

We are to determine two geometrical parameters in the unified solutions, namely the characteristic 

dimension R and the form factor n of a body [4]. 

A real solid homogeneous body will be characterized by its surface area S, its total volume V, and 

three orthogonal linear segments (dimensions) 2Li, 2L2, 2L 3 (e.g., length, width, and height). Depending 
on the shape, we will refer the body to one of the three classes represented respectively by a triaxial 

ellipsoid with semiaxes a, b, e, an infinitely long elliptical cylinder with semiaxes b, c, and an infinitely 
large (in two directions) plate with the thickness 2c. The problem of classifying a given body will be solved 

on the basis of its dimensional proportions. 

Let us assume that a certain body belongs to the class of ellipsoids. Then its characteristic dimen- 
sion R and form factor n are determined on the basis of the following considerations: 

I. The basic half-dimensions of the body are proportional to the ellipsoid semiaxes 

�9 L ~ _  L 2 _ L~ (L x~L2.(L~; e . < b ~ a ) ;  (1) 
c b a 

2. the cha rac te r i s t i c  dimension ,of the body is equal to the charac te r i s t i c  dimension of the ellipsoid 

R = R E (2) 
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TABLE 1. Values of the Function ~(k1,2; kl,3) 

kl,2 
1' 

1 0,283 
0,9 0,280 
0,8 0,275 
0,7 0,267 
0,6 0,254 
0,5 0,237 
0,4 0,214 
0,3 0,186 

0,20,1 ~ : i ~  
0 

kl,3 

0 J 0,9 

!o, 8o 
I o, 280 
0,271 

I 0,270 
0,258 
0,241 
0,221 
0 190 
0,155 

] O, 109 
1 , 0  

0,8 

0,275 
0,271 
0,274 
0,269 
0,257 
0,242 
0,219 
0,191 
0,157 
0,110 

0 

0,7 

0,267 
0,270 
0,269 
0,264 
0,254 
0,239 
0,217 
0,191 
0,155 
0,110 

0 

0,6 

0,254 
0 258 
0,257 
0,254 
0,246 
0,232 
0,212 
0,185 
0,150 
0,106 

0 

l 0,5 I 0,4 0,3 

0237 10,214 0,186 
0,241 10,221 0,190 
0,242 ]0,219 0,191 
0,239 10~217 0,191 
0,232 Io,212 o,185 
0,219 J0,199 0,175 
0,199 0,183 0,160 
0,175 I 0,160 ] 0,140 
0,143 0,130 10,114 
0,100 o,0910,080 

o I o I o 

0,2 

O, 152 
0,155 
O, t57 
0,155 
0 150 
0,143 
O, 130 
0,114 
O, 092 
0,064 

0 

o.1 

0,107 I 
O,lO9 
o,11o 
o,11o 
0,106 
O, 100 
0,091 
0,080 
0,064 
0,045 

0 

0 
0 
0 
0 
O, 
0 
0 
0 
0 
0 
0 

TAI3LE 2. Values of the Function O(kL2 5 

kt.2 J 1 ! 0.9 I o.s J 0.7. } 0.6 I 0.5 j 0.4 I 0.3 0.2 J 0.1 0 

3. the r ea l  body and the e l l ipsoid  have equal su r f ace s  

s = s E i35 

4. the g e o m e t r i c a l  c h a r a c t e r i s t i c s  of the body, as has  been shown in [4], a r e  re la ted  as follows: 

Y R 
= n + l  (4) 

The s y s t e m  of Eqs .  (1)-(4) is not c losed and, there fore ,  we solve the additional p rob l em of d e t e r -  
m!nLng the c h a r a c t e r i s t i c  d imens ion  R E and the f o r m  fac tor  n E of the e l l ipsoid.  Inser t ing the known ex -  
p r e s s i o n s  for  the volume and the su r face  a r e a  of a t r i ax ia l  e l l ipsoid into Eq.  (4), we find 

RE 2 hE+ 1 

H e r e  and subsequent ly  kl, 2 and k L 3 denote r e spec t ive ly  the following ra t ios  according to (15: 

kl ,2= c L 1 ,  k ' - -  c _ L 1 
b L2 1,3. a L 3 (kl '2)~ kx's)~ (65 

kl, s 1 V' 1 - - / #  
�9 F ~YL--k ,,3 E (~, k), (7) f (k~,~; k,,~)= ~ + ~ ~ f (~, k) + 

klj, kl.3 
whe re 

__  1,2 arc sin V'I k 2 1 k 2 
1.3, k = 1 - -  k~. 3 ' 

F(/z, k) and E (/~, k) a re  incomple te  el l ipt ic  in tegra ls  of the f i r s t  and second kind respec t ive ly .  

As the auxi l iary  re la t ion  we may  use  the equations for  the f o r m  fac to r s  K 1 and K 2 of an el l ipsoid in 
r egu l a r  modes  of the f i r s t  or  the second kind: 

1 _ 2.47(1 + 0.162nE)(nE+ 1) _ 3.29 (l+k~.2 +k~,3), (8) 
K~ gE . . . . . .  c ~ 

1 _--_ (3 -}- -E~(nE+ I) = ~ (l+k~,2 + k~.3). (9) 
K~ R~ c ~ 

Selecting, for  example ,  Eq.  (95 and solving it s imul taneous ly  with (5)' we obtain 

, I10> 
c 3 ( ,  E--l)  k1,.~1. ~ (kl.,; kl.a) ' 

20 1 + k,~2 + ~ , 3  (115 %= 3--~E, ~ =  --9--. [kl.~kl.j(kl.~; kl,~)] ~ 
~E--- 1 

3 6 6  



\ 

t.2 

Fig. I. Relative error in calculating the center temperature 
of: (a) a parallelepiped with kl, 3 = 1.0 (i), 0.5 (2)~ 0.1 (3) on 
the basis of formula (12) (~ (ki,2; ki,3) = ~0); 1.0 (4), 0.5 (5), 
0.1 (6) on the basis of an elliptical cylinder, 1.0 (7), 0.5 (8) 
on the basis of an ellipsoid; (b) a finite-length cylinder accord- 
ing to formula (12) (1), on the basis of an elliptical cylinder (2), 
on the bas i s  of  an e l l ipsoid  (R = C) (3). 

body 
Solving the s y s t e m  of E q s .  (1)-(4) and (10), we find the sought  d i m e n s i o n  R and f a c t o r  n of the r ea i  

Values  of the funct ion @(ki,2; kl,3) 

�9 (k l ,2 ;  kl,3) ---- - -  

a r e  l is ted in Tab le  1. 

4 1 

31/2n 
b ~3/2  ' ((PE-- 1) kl,~kl, J (kl,2; .vl, v 

(12) 

(13) 

If a r ea l  body be longs  to the c l a s s  of e l l ip t ica l  cy l inde r s ,  then its c h a r a c t e r i s t i c  p a r a m e t e r s  R and n 
a r e  d e t e r m i n e d  by the s a m e  method,  with the spec i f i c s  of the bas ic  model  taken into account .  Equa t ions  (1) 
and (2) a r e  r ewr i t t en  as  

L--A = L-A%, R = R c ( c ~ b ,  L~.~ Lo);] (14) 
c b 

and Eq.  (4) r e m a i n s  val id  with r e s p e c t  to the r e a l  body and the bas ic  mode l .  Ins tead  of  equat ing the s u r f a c e  
a r e a s ,  we s t ipula te  equal  p e r i m e t e r s  of the c r o s s  sec t ions  F and F c n o r m a l  to the longes t  d i m e n s i o n  2L 3 
of the r ea l  body and to the axis  of the e l l ip t ica l  cy l i nde r  r e s p e c t i v e l y :  

P = Pc" (15) 

of the e11iptieal cyl inder ,  we modify E q s .  (5), (8), and (9) 

(16) 

In o r d e r  to find the p a r a m e t e r s  R e and n c 
as  fo l lows:  

- -=Rc n n c + l  , kl,~ = c = L 1 ., 

c 4 f (k,,2) b - -  L2 

1 2.47(1 -}- O, 162nc)(nc+ 1) 2"89'(1 -T ~,:); 

1 =: (3+nc) (n  c + ' l )  4 (1 + k ~ : ) ,  

whe re  f(kl, 2) = E ( ~ )  is a comple te  e l l ip t ic  in t eg ra l  of the second  kind. 

F r o m  E q s .  (16) and (18) fol lows 

Rc . n  1 3 - - ~ c  

c 2 (Wc - -  1) f (kt,2) (tc - -  1 

where  
~'t 2 I ~ 2 T ki.2 

(17) 

(18) 

(19) 

(20) 
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T A B L E  3. Values  of the Funct ions  r kl,3) 
w 

k1,2 
1 

I 0,283 
0,9 0,272 
0,8 0,261 
0,7 0,248 
0,6 0,233 
0,5 0,216 
0,4 0,196 
0,3 0,171 
0,2 0,141 
0,1 0,100 
0 0 

" 0,9 I 0,8 

0,272 0,261 
0,263 0,253 
0,253 0,242 
0,240 0,230 
0,226 0,217 
0,209 0,202 
0,189 0,183 
0,166 0,161 
0,137 0,133 
0,098 0,O94 

0 0 

0,7 

0,248 
0,240 
0,230 
0,220 
0,207 
0,193 
0,175 
0,154 
0,127 
0,091 

0 

kl,3 
[ 0.6 1 0.5 I 0.4 

' "0,216 1 0,233 0,196 
0,226 0.209 0,189 
0.217 0,202 0,183 

10,207 0,193 0,175 
I0,196 0,182 0,166 
0,182 0,170 0,155 

]0,166 0,155 0,141 
0,146 0,136 0,125 

I0,121 0,113 0 104 
0,086 0,081 0,074 

0 0 0 

0,3 I 0.2 

0,171 10,141 
0,166 0,137 
0,161 0,133 
0,154 [ 0,127 
0,146 0,121 
0,136 0.113 
0,125 0,104 
0,110 0,092 
o 092 
0,066 

0 

O,l 

O, 100 
O, 098 
O, 094 
0,091 
0,086 
0,081 
0,074 i 
0,066 ! 
0,055 
O, 039 

0 I 

o 

P a r a m e t e r s  R and n of a r e a l  body in the c l a s s  of e l l ip t ica l  c y l i n d e r s  a r e  found by solving the s y s t e m  
of E q s .  (14), (15), (19) and then f r o m  the fol lowing r e l a t i ons :  

R = F r  (kl,~), n = S__F. (kx,i) _ 1, (21) 
V 

with V and S denot ing  the vo lume and the s u r f a c e  a r e a  of the r ea l  body.  Values  of the funct ion r 
kl, ~ 

(D(k~,~ "~ - ~ - .  ((Pc-- 1)[~(k,#)' (22) 

a r e  l i s ted  in Tab le  2. 

If a r ea l  body be longs  to the c l a s s  of p la tes ,  then i ts  p a r a m e t e r s  a r e  d e t e r m i n e d  f r o m  the f o r m u l a s  

R = L1, n = SL~ 1, (23) 
V 

whe re  L1, S, and V denote  its s m a l l e s t  ha l f -d imens ion ,  i ts  su r f ace  a rea ,  and its vo lume  r e s p e c t i v e l y .  

T h e r e  a r e  no p r e c i s e  c r i t e r i a  fo r  c l a s s i fy ing  bodies  into e l l ipsoids ,  e l l ip t ica l  cy l inde r s ,  and p la tes .  
F o r  this r eason ,  the appl icabi l i ty  r anges  of the p r o p o s e d  f o r m u l a s  (12), (21), and (23) a re  defined on the 
bas i s  of  a c o m p a r i s o n  be tween  exac t  and app rox ima te  t e m p e r a t u r e  va lues  fo r  bodies  in the shape of p a r a l -  
le lepipeds  and f in i t e - l eng th  c y l i n d e r s  with s ides  ra t ios  v a r y i n g  within wide l imi t s .  The  s t e a d y - s t a t e  m e a n -  
o v e r - t h e - s u r f a c e  and c e n t e r  t e m p e r a t u r e s  w e r e  ca lcu la ted  fo r  the case  with a u n i f o r m  d i s t r ibu t ion  of hea t  
s o u r c e s  ove r  the body vo lume  and with the coef f ic ien t  of hea t  t r a n s f e r  f r o m  the s u r f a c e  a s s u m e d  infinite 

[81. 

On this  bas i s ,  we make  the fol lowing r e c o m m e n d a t i o n s .  When the ra t ios  (6) of  or thogonal  l inea r  s e g -  
men t s  (dimensions)  of a body a r e  

0,4 .<. kl. ~ ~ 1, 0.4 ~ ki, ~ .<[. l, (24) 

then the body is to be c l a s s i f i ed  as  an e l l ipso id  with the c h a r a c t e r i s t i c  d imens ion  and the f o r m  f ac to r  c a l -  
cu la ted  a c c o r d i n g  to Eq .  (12). 

When the d i m e n s i o n s  r a t io s  a re  

0,2 ~ hi, 2 ~ 1, 0 -4 kl,~ -< 0,4 (25) 

then the body is to be c l a s s i f i e d  as  an e l l ip t ica l  cy l i nde r  with R and n ca lcu la ted  a c c o r d i n g  to Eq.  (21). 

When 

0 ~ kl, ~ .(. 0,2, 0 -~ k~,3.~ " 0,2, (26) 

then the body is to be c l a s s i f i ed  as  a plate  and f o r m u l a  (23) wilt  apply.  Thus ,  with a choice  of l i nea r  s e g -  
m e n t s  sa t i s fy ing  the condi t ion  

2L 1 .~ 2i,~ .~ 2L v 

inequa l i t i es  (24)-(26) c o v e r  the en t i r e  range  of poss ib le  d e f o r m a t i o n s  of a r ea l  body with the d imens ions  
r a t io s  v a r y i n g  within the squa re  

0 . . <  k l , ~ - ~  1, 0 . < .  kl ,3 ~< 1. 
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An examinat ion of the resul ts  has shown that, when conditions (24)-(26) prevai l ,  the maximum dif-  
fe rence  between exact  and approximate values of the s teady-s ta te  t empera tu re  for  para l le lepipeds  (Fig. l a) 
and for f ini te- length cyl inders  (Fig. lb) occur  at the boundary between ranges (24) and (25): up to 16~c for 
the center  t empera tu re  and 10~c for the mean-ove r - the -vo Iume  tempera ture ,  becoming much less f a r the r  
away f rom this boundary.  Within range (24) the approximate center  t empera tu re  is higher  while the ap- 
proximate  mean -ove r - the -vo lume  t empera tu re  is lower than the respec t ive  exact t empera tu re .  The s i tua-  
tion r e v e r s e s  within range (25). 

It has been establ ished that the calculated values change slightly, if formulas  (12) and (21) are  de- 
r ived f rom relat ions (8) and (17) instead of (9) and (18). 

It is possible to es tabl ish the approximate geomet r ica l  s imi la r i ty  between a rea l  body and an el l ip-  
soid by a s imple r  but less accura te  method. As the cha rac te r i s t i c  dimension of the body is se lec ted  the 
smal les t  semiaxis  c of a t r iaxia l  ell ipsoid whose surface  a rea  is equal to the surface  a rea  of the real  body. 
Besides  condition (3), one also retains re la t ions (1) and (4). Under assumptions made for the calculat ion 
of p a r a m e t e r s  R and n, we obtain formulas  of the (12) kind with ~(kl,2; kl,3) replaced by a new function 
(Table 3) 

1 
(P0 (kl,2; k~,~) = V2~f(k~,,; k~3) ' (27) 

and f(kl,2; kl,3) defined by re la t ion (7). 

Express ions  (12) and (27) are  valid for  any dimensions rat ios  0 -< kl, 2 -< 1 and 0 - kl, 3 ~ 1. 

A comparison between exact and approximate values of the steady-state temperature in bodies con- 
sidered here indicates that the maximum error in calculating the center and the mean-over-the-volume 

temperature is not greater than 25/% when kt, 2 ~ 0.4-0.3 and kl, 3 ~ 0.4-0.3, then decreases fast at other 
values of these ratios (Fig. i). It must be noted that an ellipsoid selected as one reference model does 

not yield precise transitions to the extreme forms of cylinder and plate. In those latter cases the error 

in calculating the center temperature does not exceed 7-12%. 

Thus, the sequence of steps in determining the characteristic dimension and the form factor of a 
body reduces to: deriving relations (6) from the given surface area S and volume V of the real body with 
characteristic dimensions 2LI, 2L2, 2L3, then classifying the body into (24), (25), or (26). Depending on 
the class, one uses formula (12), (21), or (23) for calculations. A rougher estimate of R and n can be 

made according to formulas (12) and (27) at any dimensions ratios kt, 2 and kl, 3. 
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